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Partial Differential Equations, A Way to Get from Here to There
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ABSTRACT
Partial Differential Equations - PDE - may seem like a specialized area of mathematics,
often not taught in the standard undergraduate curriculum, or relegated to a vague
area called “applied mathematics”. But in fact the subject has a rich history, and for
more than 200 years has motivated the development of many other branches of
mathematics.

Anyone who knows how to differentiate and integrate a function can solve a
partial differential equation; the purpose of this talk is to encourage people to explore
how to do this and to think about what solutions mean.

A PDE, as its name suggests, is an equation that involves a function of two or
more variables and its derivatives in those variables. For example, think of the air
temperature as a function of time and space. The temperature at some location is
likely to increase in time if the surroundings are hotter. That statement relates change
of temperature with time to the gradient of temperature in space (the gradient is the
derivative in space). Making that precise results in the heat equation. The power of
PDE is that you can use this information - call it local information - to get information
about how the temperature will vary over a larger amount of space - in fact, over the
entire planet. Solving a PDE takes one from “local” to “global”.

That is why scientists and engineers (and economists and ecologists) are
interested in PDE, and that’s where the subject got the name “applied mathematics”.
But PDE are also part of core mathematics. In fact, much of what we call core
mathematics today - real and complex analysis, approximation theory and geometry -
was developed so that people could solve and understand PDE. And much of scientific
computing centers on how to compute and visualize solutions of PDE, since for the
most part one can’t represent solutions in terms of standard, known functions.

In this talk, | will start with the simplest equations and show several ways to
solve them. PDEs have a lot of algebraic structure, and the algebra conveys valuable
information about the solutions. There are equations with very badly behaved
solutions, and some equations with no solutions at all. The last part of the talk will be
about some of my recent research that shows unexpected connections between
solutions of two very different-looking equations.
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